We investigate transport properties through a crossbar-shaped structure formed by a quantum dot (QD) coupled to two normal leads and embedded between two one-dimensional topological superconductors (TSCs). Each TSC host Majorana bound states (MBSs) at its ends, which can interact between them with an effective coupling strength. We found a signature of bound states in the continuum (BIC) in the MBSs spectral function. By allowing finite inter MBSs coupling, BICs splitting is observed and shows projection in transmission for asymmetric coupling case. As a consequence, we also show that the Fano effect, arising from interference phenomena between MBSs hybridization trough QD, is observed with a half-integer amplitude modulation. We believe our findings can be helpful for understanding the properties of MBSs and its interplay with QDs.
I. INTRODUCTION
The possible realization of exotic quasiparticles like anyons in solid state systems, as isolated bound states with zero energy satisfying non-Abelian statistics, have been attracting attention due to its promising applications in quantum computing. One of them was first predicted by E. Majorana [1] , which has as a principal feature be its own antiparticle. In the last decade, Majorana fermions (MFs) have become a hot topic in condensed matter physics [2] [3] [4] and quantum computation [5] [6] [7] [8] [9] [10] [11] [12] , since they can be manipulated with braiding operations [11] , allowing to perform fault-tolerant quantum gates [5, 8, 10, [12] [13] [14] . A qubit built with this exotic quasiparticles is topologically protected when localized MFs, Majorana bound states (MBSs), are spatially separated. i.e., unpaired. Among other systems, MBSs are predicted to be found at the ends of a topological one-dimensional semiconductor-superconductor nanowire with strong spin-orbit interaction in the presence of a magnetic field, namely topological superconductor (TSC) [15] . This system can be seen as an implementation of a Kitaev chain [8] , in which the coupling between the two MBSs is expected to decay exponentially with wire length [12] , protecting the qubit from decoherence by local perturbation [4, 8, 11, 12, 16, 17] .
One of the main challenges is pointing out to detection of the existence of MBSs, as well as its characterization. Many systems have been proposed through the literature [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] , and several experiments have carried out based on zero-bias anomalies in transport properties through source/drain leads [32] [33] [34] [35] [36] [37] , but not all of these anomalies are evidence of MBS. For instance, at zero energy and low-temperature other phenomenology could take place, as Kondo effect [38, 39] and Andreev bound states, where the latter is due to the electron and hole scattering at the normal-superconductor interface [40] . Quantum dots (QDs) have shown to have richer interference phenomena * juan.ramosa@usm.cl to exploit when multiple QDs structures are considered. These structures [41] [42] [43] [44] show the two most important aspects that make them a useful candidate to build nanodevices. In the first place, the possibility to tune a large number of parameters present the system, and the second one, a rich quantum interference mechanisms due to the interaction between the different discretized QDs energy levels. For instance, Fano effect [45, 46] . These two main aspects will give rise far more complex quantum transport patterns in hybrid multiple QDs-TSCs structures, doing them good candidates to establish MBSs properties in the system [44, [47] [48] [49] [50] . In non-interacting QD-leads systems, an especial signature of the presence of MBSs was established by Liu and Baranger when it is side coupled with the QD, which is a half-integer conductance at zero energy [51] . Later, Vernek et al. [47] have shown that this zero-bias anomaly is due to MBS leaking into the QD and it is robustly pinned against changes in QD energy level, being recently verified [52] .
On the other hand, new properties are present in quantum interference systems, for instance, some states do not decay in spite of they are in the range of the continuum states [53] , the so-called bound states in the continuum (BICs). The BICs were predicted by von Neumann and Wigner in the dawn of the quantum mechanics [54] . Recently, the interest in the investigation regarding BICs due to the observation of this kind of states in photonic systems. Since interference phenomena take place in electronic systems in analogy with the photonic ones, the inherent possibility of the presence of bound states in the continuum (BICs) emerges [55, 56] . In QDs-MBSs systems, a theoretical encryption device based on BICs [57] and Majorana qubit readout technology [58] have been proposed.
In previous work we proposed a QDs-MBSs system which is capable of veil/unveil BICs due to the interaction with MBSs [59] . Using tunable gate voltages [60] the topological properties of the MBSs can be manipulated allowing them to protect the information stored in the BIC. In the present work, we study a system form by a QD embedded between current leads and connected to TSCs hosting MBSs at its ends. We focus on QD density arXiv:1812.04433v1 [cond-mat.mes-hall] 11 Dec 2018 of states and MBSs spectral function calculated through Green's functions to identify signatures in transmission probability due to its coupling. Our results show that the energy localization of BICs and their widths can be controlled by tuning the inter-MBSs coupling in each TSC for the case with QD energy level aligned with Fermi energy. By setting the QD energy level above/below Fermi energy, the BICs leaking into transmission leads to an amplitude modified Fano effect. We believe our findings could useful to give a further characterization of MBSs in interplay with a QD. This paper is organized following by presenting the model and the corresponding Hamiltonian with the method considered to obtain quantities of interest in Section II; Section III shows the results and the corresponding discussion, and finally, the concluding remarks are presented in Section IV.
The leads contribution is to include a self-energy Σ e(h) α (ε) for electrons(holes). In wide-band limit approximation it is energy-independent, such as Σ We consider symmetric QD-leads coupling Γ α ≡ Γ/2, so Γ L + Γ R = Γ. In this scenario, the retarded Green's function of the system adopt the matrix form
where the diagonal matrix elements are given by
being 0 + an infinitesimal positive number. The transmission probability for our symmetric leads coupling can be written out as follows
where G R d the QD retarded Green function. Similarly, the LDOS for the QD can be also expressed in terms of G R d as follows
and the spectral function for MBSs is given by
where ν = u, d. The Green's function element for the QD present in Eqs. (15) and (16), is obtained analytically using equation of motion (EOM) procedure. Then, in the energy domain, is given by
where we have considered symmetric MBS-QD couplings (|λ u(d) | = λ) and
On the other hand, the full Green's function poles are closely related with the eigenvalues of the isolated Hamiltonian (disconnected from leads) and give reliable information about energy localization of the states. As we consider |λ u(d) | = λ, for ε d = 0, the system eigenvalues are given by
where ε ± 0 has doubly degeneracy.
III. RESULTS
The following results are performed at temperature T = 0, and we adopt the energy parameter Γ as energy unit throughout the manuscript. (15) and (16), and displays a half-maximum value at zero-energy, being a MBS signature as was calculated by Liu & and Baranger [51] . The spectral function for MBSs coupled to the QD, η (red solid and green dashed lines, respectively), are strictly equivalent, both showing two symmetric wide resonances, placed at energy ε = ±ε 2 , due to the hybridization of these MBSs with the QD. Also, narrow peaks are observed pinned at zero-energy in MBSs spectral function, as was expected from vanishing inter MBSs coupling. The leakage of the later states into QD is the responsibility of the Majorana behavior in transmission [47] , and in this case, as both TSCs have the same phase, they behave as an effective single TSC. Fig. 3(b) . It is worth to mention that these peaks have a projection on the transmission probability showed in Fig. 3(a) as sharp resonances. They are located at the same energies mentioned above, except for the case with 
where γ c and γ l,+(−) are the widths of the central and side peak located at the right(left), respectively, being
the peaks energy localization in the limit of weak inter MBSs coupling
On the other hand, setting
Therefore, in the case with ∆ = 0, i. e.
, we have γ l = 0, thus the contribution of this states to the transmission vanishes, appearing as δ-Dirac function. Accordingly, these states are essentially BICs. Besides, Fig. 4 shows the peak width as a function of the parameter ξ ± , defined as 4λ
2 , for central and lateral peaks in panels (a) and (b). We can observe that both peaks fulfill a linear dependence, the central one with ξ + and the laterals with ξ − , verifying our expectation. For small values of ξ − it can be approximated to ∆.
Furthermore, the signatures of the BICs in the transmission showed in Fig. 3 , remains when the QD energy level is moving out of resonance. Using a fixed ε d = 0.75 Γ, in Fig. 5 we plot the transmission probability and spectral function for the MBSs η
as function of energy. In Fig. 5(b) the BICs appearing at energies described by Eq. (25) . They still have a projection on the transmission as Fano-like shapes centered at the same energies, as we show in Fig. 5(a) . But in contrast with Fig. 3(a) for the same parameters of Fig. 3 . As expected the slope in the four panels is linear with Γ.
broad Fano line-shape. To characterize each Fano resonance in transmission due to the projection of BICs, we include its fitting with a modified general Fano line-shape expression, given by
Here q is the Fano factor (q = q r + iq i ) and a is the FanoMajorana amplitude parameter. The values used for the parameters of these fits in Fig. 5 are given in Table I . Note that a has an approximated value of 1/2 and that if
, again, there are no signatures of the BICs in the transmission and the spectral function shows two Dirac-δ functions. (20) and (21) takes values 0 (multiplicity 4) and Eq. (22) takes the values ±2λ = Γ (multiplicity 2). In Fig. 6(a) we can see these eigenvalues represented as a 1/2 transmission peak at zero-energy, regardless ε d . Besides, when ε d = 0 and for energies around and greater than ε = Γ, the transmission probability takes its maximum value. This effect appear in all panels of Fig. 6 and it is independent of the values of (21) and (22) . Both peaks reach a maximum value of transmission near unity. As QD is taken out of resonance (ε d = 0) this peaks evolve to a half-maximum value located at ε = ± In this subsection, we consider the case with the general phase difference between both TSCs, to study the robustness of the above results. In Fig. 7 we display the transmission through QD for different pairs of 
IV. SUMMARY
We have studied the transmission across a QD coupled with two TSCs, embedded between two normal leads, used as a probe of MBSs interactions. For the case without phase difference (θ = 0), our results shown that the BICs projection in transmission arising from MBSs can be controlled by tuning the inter-MBSs coupling, as well as the modified Fano effect in the system can be seen as a way to provide additional characterization. A possible application of the proposed system can be achieved when the QD is far off resonance, in this case the non vanishing transmission is pinned around the inter-MBSs energies ± u(d) M , as shown in Fig. 6 . Then, the system can be considered to implement a calibrating device, allowing further characterization of TSCs hosting MBSs, used in the system proposed by the authors in [59] . If the energies ± u(d) M are known, it is possible to determine the suitable manipulation of gate voltages, proposed in [60] , to readout the protected information stored in the BIC.
